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One form of proof is discussed for the theorem on the completeness o f  
the eigenfunctions in the ranges ( -1 ,  1) and (0, 1) of the angular var- 
iable. The results may be used to determine the critical size of a 
planar reactor and to solve Mitne's problem in the multigroup ap- 
proximation. 

The completeness of the eigenfunetions of a sys:em of multigronp 
~ranspert equations has been discussed [1, 2], but a very complicated 
method was used to regularize the system of singular integral equations 
used in proving the theorem. A simpler proof of the completeness is 
given below. 

1. E t g e n f u n c t i o n s  and  e t g e n v a l u e s .  The t r e a t m e n t  
of [3] is fo l lowed h e r e .  One of the b a s i c  p r o b l e m s  of 
n e u t r o n  t r a n s p o r t  t h e o r y  is to f ind  the  spa t i a l  and  
e n e r g y  d i s t r i b u t i o n s ,  which  a r e  d e s c r i b e d  a p p r o x i -  
m a t e l y  by a s y s t e m  of l i n e a r i z e d  B o l t z m a n n  equa t ions  
on the a s s u m p t i o n  tha t  the to ta l  m a c r o s c o p i c  i n t e r -  
a c t i on  c r o s s  s e c t i o n  has  a p o w e r - l a w  d e p e n d e n c e  on 
the  e n e r g y .  

We w r i t e  the s y s t e m  of m u l t t g r o u p  t r a n s p o r t  e q u a -  
t ions  as  0%(x, ~) 

N + r  

-~ ~iq0~(x, ~) : >] ci~ I ( p ~ ( x , f ) d ~ t '  ( i - -1  . . . . .  N). (1.1) 
~ = 1  - -  1 

H e r e  (r i is the  to ta l  m a c r o s c o p i c  c r o s s  s e c t i o n  for  
the  i n t e r a c t i o n  and  p is the  p r o j e c t i o n  for  un i t  ve loc i t y  
v e c t o r  on the  x ax i s  

w h e r e  c ~j~i ,  , f ,  (~), a i a r e ,  r e s p e c t i v e l y ,  the c r o s s  
s e c t i o n  for  s c a t t e r i n g  ( e l a s t i c  and i n e l a s t i c ) ,  the n u m -  
b e r  of s e c o n d a r y  n e u t r o n s ,  the f i s s i o n  c r o s s  s e c t i o n  
for  the g roup ,  and  the  f i s s i o n - n e u t r o n  s p e c t r u m .  

We m a k e  the  change  of v a r i a b l e  t = P/~i  and  se t  
r  = c~t~0i(x, t/o-i) to get  

0~ (~, t) 
t o---7---- + ~ (x, t) = 

= ~_ % !a , ~ ( x ,  t ' )d t"  (%=~@.) .  (1.2) 

The de f in i t i on  of Hi(u ) y ie lds  

N N 

~ [61i -- vciifi (v)] H i (v) = ~, co~ ~ (v) X~ (v), 
J '=l  1=1 

f i  0:) = v --  t ' %~ (v) --=- 6 (v - -  t) d t ,  
- -  i --o~ 

~: (v) : i, if v ~ (-- ~ ,  ~:), 

X:(v) = O, if v ~(--~:,~). 

The s o l u t i o n  is sought  in  the  f o r m  

~ (x, t) = exp (--  x / v) r (v, t). (1.3) 

S u b s t i t u t i o n  of (1.3) into (1.2) g i v e s  

(v -- t) Oi (v, t) = vH ! (v), 

H i ( v ) =  ~ c ~ ,  Io (D~(v, t ' )d t ' .  
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F r o m  (1.4) we have  

(1.4) 

O~ (v, t) = ~H~ (~) _----7- + k~ (v) 6 ( v - -  t ) .  (1.5) 

(1 .6)  

The r igh t  s ide  of (1.6) b e c o m e s  ze ro  if v ~ - -  t~o, O0, 
w h e r e  t~o = 1 / %, a 0 = rain (al . . . . .  aN). 

F r o m  the cond i t ion  of so lub i l i t y ,  

5/ 

[6i: - -  ~'ci~/j (v)] H a (v) = 0 ,  (1.7) 
J=x 

we get  the  c h a r a c t e r i s t i c  e q u a t i o n  

Q (v) - -  det [6i: --vc~: f~@)] = 0 (1.8) 

for  the  e i g e n v a l u e s  u s. The c o r r e s p o n d i n g  e i g e n f u n e -  
t i ons  a r e  

@~ (vs, t ) =  --%H~(%) (1.9) 
%'s - -  t 

The to ta l  n u m b e r  of r oo t s  of the  c h a r a c t e r i s t i c  e q u a -  
t ion  m a y  be  found  v ia  the  p r i n c i p l e  of the a r g u m e n t ,  

i I t r ~§ In ~'~+(--0o)] (1.10) 2M = ~ d in f~ (v) = ~ Lln'a-=-(-(-(-(-(-(-(-(~0) ~-(--~o)J" 

H e r e  124-(u) a r e  the  l i m i t i n g  v a l u e s  of the  p i e c e w i s e -  
h o l o m o r p h i c  func t i on  f~(z); con tour  C e n c l o s e s  the  s e c -  
t i on  (-~0, ~0) a long  the r e a l  ax i s .  The c o n t i n u u m  of 
e i g e n v a l u e s  l i e s  in  that  r a n g e ;  the  c o r r e s p o n d i n g  e i g e n -  
f unc t i ons  a r e  g iven  by (1.5). We sha l l  show tha t  the  
e i g e n f u n c t i o n s  of (1.5) and  (1.9) f o r m  a c o m p l e t e  s y s t e m .  

2. T h e o r e m  2.1. A s y s t e m  of a r b i t r a r y  func t ions  
F i ( t  ) t ha t  s a t i s f y  HSlder r s  cond i t ion  for  Itl -< 1 / %  = do 
m a y  be  r e p r e s e n t e d  u n i q u e l y  in the f o r m  

SM ~'o' 

.=I _0  (2.1) 

+ ;~ (t) (t ~ ( -  6o, ~o)) 

In o the r  w o r d s ,  the  s y s t e m  of s i n g u l a r  i n t e g r a l  
equa t i ons  of (2.1) a l lows  us  to d e t e r m i n e  u n i q u e l y  the  
2M c o n s t a n t s  A s and  the  N func t i ons  Ht(v ). 

P r o o f .  W e  e l i m i n a t e  k i ( t )  v i a  (i.~) to  g e t  
N 

~, [8~: - v%/~ (v)l Hj (~) + 
j = l  

N N 
Z~ v'Hj (v') dr' = v ~ ci~X ~ (v) F/ (v) ,  Y, + ~jzj (v) 

j = l  ~ %" - -  V ~=1 
e ~ M  

(r/(~) = r j ( ~ ) - ~  A~r (n, ~)). (2.2) 
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Consider the funct ion 

N~ (,) = ~-~ v - ~ 57-. 

This funct ion is ana ly t ic  in the plane with its sect ion along the 
real  axis from -~'o to ,% and vanishes at infini ty;  the l imi t ing  values 
are given by the  formula  

t i ~ v'H 3 ('v')dv ~ 1 
N3• (v) = ~ -  v" -- v 4" "~ vH i (v) .  

This impl ies  that  

Nj + (v) - -  Nj-  (v) = vHi  (v),  

l f 'v'H~('v')dv" 
N~ + (~) + N~- (v) = ~ -  v' - -  v 

--O 0 

Substitution of (2.2) into (2.3) gives 

(2.3) 

N N 

[~Qii + (v) N~ + (v) - -  hi3- (v) N j -  (v)] = v ~ ci3x ~ (v) F/(v).  (2.4) 
j = l  ~=1 

Then the above formula  gives 

N N 8,~ 
I j~= f vZj(v) F3"(v) d'v ~_~ f~j (z) X~ (z) = ~ ci~ ~ ~ z- + Pi(.~l(z). (2.5) 

3 : 1  i __g~ 

Here pi(k)(z) is an  arbitrary po lynomia l .  Since I im a i j ( z  ) = const 
for z --~ % the funct ions  Nj(z) that  vanish at inf inl ty  are the  solution 
to (2.5) for pi(k)(z) = 0. The  solution of the sys tem exists i f  

N .a~ V)Q (v) Y / (v)  dv 
E ct~ Hi~ J v - - v /  0 

i, 3=1 --0  o 

(l = t ,  2, 3 . . . . .  2 M ) .  (2.67 

Here H~ (ul) is ~he solution of the  homogeneous  system conjuga te  
to (2.5).  From (2.6) we derive the  2M constants  As; the  ki(t ) m a y  be 
found via (1.7) .  The  t heo rem  is now proved.  

It has been shown [3,4] that the de t e rmina t i on  of 
c r i t i c a l  s ize  and albedo for a p lane  l aye r  may  be r e -  
dueed to a boundary  p r o b l e m  of the type of (2.4). 

The s i tua t ion  is d i f fe rent  as r e g a r d s  the so lu t ion  
of Mi lne ' s  p rob lem.  Here  the Yi(t ) a r e  given in the 
range  (0,d0), and the above fo rmula  cannot be used  to 
solve the p rob l em of (2.4) because  the funct ions  Nj(z) 
and m a t r i x  e l emen t s  ~2ij (z) a r e  analy t ic  in d i f ferent  
regions .  Hence we have to cons ide r  the p r o b l e m  

N 

Nk + (v) - -  ~ GkjN~- (v) = g~ (v), 

N 

N 

g~r ('V) E -1  + , , = [ ~  (v)] c ~  (~) F~ (v). 
i, j=l 

However,  no effect ive means  of so lv ing  this is known. 
Mat r i ces  (eij) and (~2ij) a r e  t r i a n g u l a r  in r e l a t i o n  

to the m o d e r a t i o n  of neu t rons  by nuc le i  of low or  m e -  
d ium weight,  whereupon the above p r o b l e m  may  be 
solved f a i r ly  s imply .  

3. T h e o r e m  3.1. A s y s t e m  of a r b i t r a r y  funct ions  
Fi( t  ) that sa t i s fy  Ho lde r ' s  condi t ion for  0 _< t _<_ 1 /% = 

= ~o may be r e p r e s e n t e d  uniquely as 

"d/i  (v) . F i ( t ) = ~ . j  A s r  
~I o 

+ 1~ (t) (i = l . . . . .  N). 

Proof. The above arguments  are repeated to reduce (3.1) to 

(3.1> 

Nt+  (~') Gti (v) - -  N i  - (v) = 
i 

P"il- (v) i=  1 cii~J (v) F((v) (i ~ 1 . . . .  , N),  (3.2) 

M 
Gii(v ) = a i i+(v)  Fj', ( v ) = F i ( v ) - - E  A s O i ( v s ' v ) "  (3.3) 

fl~i- (v) 

Here N~(u) are the l imi t ing  values of the piecewise  holomorphic  
funct ion 

1 i~ dv 
N 3 (z) = ~ v - -  z l im Nj (z) = 0. (3.4) 

z --)-oo 0 

Now (cij) is a t r iangular  mat r ix ,  so the number  of roots to (1.8) is 

1 6i 3 [ i n a i ~  + (#o)__ In " 
2M = y i=r [ ~ij-(t%) P"iff ( - -  ~o) 

• 
Then from ~iij ( -y)  = f~ij (v) we have  

N 

i E 8iJ in~iJ+(~'a) ( ~ ' o ~  @o)"  (3.5) 2M = n~ J=~ f213- (~0) 

The  index in the conjugat ion problem equals  the sum of the par t ia l  
indices  [5] 

N N 
t [ l"~i+ (0) ~ i +  ( ' o )  1 ~ = 2 • = ,"f~ 2 6mi I n - - _  in = 

m=l ~, m=l Rig (0) ni~ (Oo) 

N 
1 E 6-,i In a im (0o) 

= 2a~ ~, ,~=1 Qi,~ (0o) M .  ( 3 .6)  

Comparison of (3.5) and (3.6) shows tha t  al l  the  par t ia l  indices  are 
nega t ive ,  so the solution to (a.2) that  vanishes at inf ini ty  is g iven by 

~o fa 
1 i" X~- ,~(v)  f x7 

m - - i  

-- 2 [a4(v) N i + ( ' ) - - Q ~ ( ' ) N I  -(v)]} dv , (3.7) 
3= 1 ~ -- Z 

subject  to the condi t ion 

f "vkrn a~m (v) {V J~=l CrnjZJ (') F / ( v ) - -  
0 

m--I  

__ d.~ [ m i X '  ~ + (v) N i + ( v ) _ _ f l z ~ ( v ) N i - ( v ) l ~ d + = 0 ,  
i=1 J 

(km = 0 ,  i . . . . .  • - -  t) �9 (3.8) 

Here Xmm(Z ) is the  solution to the homogeneous  problem 

X~m (~) = a,~,~ (~;) X~-,~ (v) ; 

Hence the total  numbe r  of addi t ional  condi t ions that  define the A s 
is equal  to the total  index .  

We set m = 1 to find Nl(z), which is substi tuted into the second 
equat ion  of (3.7) to Nz(z),  and so on.  

Hi(v) is r ead i ly  found via (2.3); (1.7) r e l a t e s  Xi(u ) 
to Hi(v ). 

The r e s u l t s  are  readi ly  g e n e r a l i z e d  to the e a s e  of 
a n i s o t r o p i c  scat ter ing .  
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I am indebted to S. M. F e i n b e r g  for  advice  on this  
work.  
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